Abstract: Precise control of air-fuel ratio (AFR) is one of the most challenging tasks in lean-burn spark ignition engines control. The main problem arises because of the large time-varying delay in the engine operating envelope. In this study, a new sliding mode-based synthesis method is presented to control AFR in order to improve fuel economy and decrease the tailpipe emissions. The time-varying delay dynamics is first estimated by Padé approximation, which transfers the system into a system with parameter-varying non-minimum phase dynamics. Non-minimum phase characteristics restrict the application of conventional sliding mode control approach because of the unstable internal dynamics. The system dynamics is then rendered into the normal form to investigate the system unstable internal dynamics. A systematic approach is proposed to design a linear dynamic parameter-varying sliding manifold (LDPVSM) in order to stabilise the unstable internal dynamics according to the desired output tracking error dynamics. Additionally, the proposed LDPVSM provides the system with robustness against unmatched perturbation. The method that can be easily implemented in practical settings exhibits the desired dynamics independent of the matched and unmatched disturbances. The results of applying the proposed method to experimental data demonstrate the closed-loop system stability and a superior performance against time-varying delay, canister purge disturbances and measurement noise.
Introduction
Lean-burn spark ignition engines have been designed to operate at high air-fuel ratio (AFR) values to ensure high efficiency of the engine and low emission of pollutants. However, new challenges arise for lean-burn engines because of the lack of desired performance of the threeway catalyst (TWC). To tackle this problem, a lean NO x trap (LNT) module is integrated with the TWC to meet the standard regulations. The integrated system stores the exhaust gas downstream the TWC and releases the trapped gas when it reaches a certain threshold. Simultaneous shorttime switching to the rich operating condition converts the released NO x pollutants into non-polluting nitrogen. Consequently, it takes longer time for the air-fuel mixture to reach the universal exhaust gas oxygen (UEGO) sensor downstream the LNT module, and thus, introducing a large time delay for the control input and shortening the bandwidth of the closed-loop system. Moreover, the engine wide operating envelope, the inherent non-linearities of the combustion process, the large modelling uncertainties and parameter variations make the design of the control system challenging. Furthermore, the large time-varying delay nature of a leanburn engine poses additional challenges to the AFR control system design.
Several effective methods have been previously proposed for the development of the control system in spark ignition engines. Fundamental in this respect has been robust and adaptive design methods that consider the engine dynamics non-linearities, the modelling imperfections, the time-varying dynamics of the engine operating conditions and the resulted large time-varying delay in the control input. Illustrative strategies include adaptive mechanisms for AFR control and engine parameter estimation [1, 2] , direct adaptive control based on the positive forecast idea as a counterpart to the classical Smith predictors [3] , model predictive control [4, 5] , parameter-varying PID [6] and linear parameter-varying gain-scheduling control for lean-burn engines [7, 8] .
Alternatively, sliding mode control (SMC) theory as a robust control approach has been extensively investigated for the last four decades [9, 10] . SMC is the primary core of variable structure control systems. Sliding mode is the system motion on a discontinuity set of dynamic structures; it is characterised by a decision rule according to a designed sliding function. Intrinsic beneficial characteristics of sliding mode against non-linearities and matched disturbances have made it one of the most robust control approaches. However, chattering effect or high-frequency switching over the sliding surface, which indeed brings robustness characteristics to SMC, is a phenomenon that might excite high-frequency unmodelled dynamics. In order to alleviate the chattering effect many approaches such as boundary layer or sigmoidlike functions have been used in the sliding function [11] .
Cho and Hedrick presented a conventional SMC according to the stoichiometric AFR value and binary oxygen sensor characteristics [12] , that could only be implemented on short-time delays because of the direct correlation between the chattering magnitude and delay value. For large timevarying delays in lean-burn engines such a scheme could result in large chattering amplitudes and consequently large tracking errors. A follow-up paper proposed an observerbased SMC to improve the chattering problem [13] . Adaptive SMC to update engine parameters was proposed in [14] and a MIMO SMC for port fuel and direct injection engines was presented in [15] . Recently, higher-order sliding mode control (HOSMC) has been presented for chattering attenuation of SMC theory [16, 17] . For instance, secondorder sliding mode control (SOSMC) which operates on the second derivative of the sliding manifold, suppresses the chattering using the twisting algorithms [18] . SOSMC provides smooth control input because of the integration of the discontinuous first order control variable. Application of SOSMC has been reported for engine modelling and parameters estimation [19] and AFR control for a delay-free sliding surface [20] . Moreover, dynamic sliding mode control (DSMC) with superior dynamic features have been sought to improve the stability and achieve the desired performance [21, 22] . DSMC, which is considered as a compensator, has been also used to control fluid systems [23] , non-minimum phase aerospace and power systems [24, 25] . Furthermore, terminal SMC has been proposed to achieve finite-time convergence [17] and integral SMC has been presented to maintain promising robustness in the entire state space [26] .
All the aforementioned control approaches utilise either a fixed delay value for the control design or look-up tables to update the delay-driven parameters. In this work, we develop a linear dynamic parameter-varying sliding manifold to control the lean-burn engines with large time-varying delays. The control scheme can fully consider the time-varying nature of the engine while it is robust against matched and unmatched disturbances. It can also update parameters in real-time with no need to look-up tables. In this paper, the system model is approximated by a first-order Padé approximation that transforms the system dynamics into a nonminimum phase configuration with time-varying parameters. A linear dynamic parameter-varying sliding manifold is then designed to compensate for the unstable internal dynamics associated with the non-minimum phase system. The corresponding SMC is evaluated against variable time delay, uncertain plant behaviour and disturbances introduced by purging the fuel vapour from the carbon canister, air charge estimation error or the UEGO sensor measurement noise.
The remainder of the paper is organised as follows. Section 2 briefly presents the AFR system model. Section 3 brings forward the delay interpretation and guideline for the linear dynamic parameter-varying sliding manifold and the corresponding SMC design in a systematic framework. Results are discussed in Section 4 and some conclusion are outlined in Section 5.
System model for AFR dynamics
The configuration of the AFR system is depicted in Fig. 1 consisting of the throttle, the air-path, the fuelling-path, the TWC, the LNT, the heat exhaust gas oxygen (HEGO) and two UEGO sensors downstream the engine. The fuelling system model includes fuel vapour and fuel wet film dynamics whose complicated characteristics can vary with respect to the intake manifold temperature, injection timing, spray pattern and port geometry. Implementation of the fuelling system model with all aforementioned factors is a challenging task. The scheme described below (by Aquino [27] ) is perhaps the most widely used fuelling system model in spark ignition engine control systems
where X is the fraction of injected fuel that forms a wet film on the walls, τ f is the time constant for the evaporated fuel from the wet wall,ṁ fi andṁ fo are injected fuel flow rate into the fuelling chamber and output flow rate delivered into the ignition chamber, respectively. As a common practice in experimental settings, a compensator is added to the feedforward path to compensate for the fuel wall wetting effect in the intake manifold [7] . Estimation approaches based on the least-squares method have been presented in [28] [29] [30] to obtain the parameters X and τ f . One of the main challenges in designing AFR control system for lean-burn engines is the presence of a large time delay because of the location of UEGO sensor downstream the LNT module. This introduces considerable time-varying delay for the exhaust gas to be transported to the UEGO sensor, which is increased by the engine delay owing to the combustion process. In addition, the engine-operating envelope, such as the engine speed and air mass flow, contributes to the time delay. Thus, the engine time delays are mainly identified as the cycle delay τ c and the exhaust gas transport delay τ g . The cycle delay is estimated by one engine cycle because of the four strokes of the engine as τ c = 120/N , where N is the engine speed in rpm. The gas transport delay is identified as the time that it takes for the exhaust gas to reach the tailpipe UEGO sensor downstream the LNT and may be approximated by τ g = α/ṁ a for an average exhaust temperature, whereṁ a is the air flow rate and α is a constant that could be determined using experimental data [7] . Hence, the overall time delay is given by τ = τ c + τ g . The UEGO sensor dynamics is modelled by a first order lag G(s) = 1/(τ s s + 1), where τ s is the sensor time constant. Then, the system open-loop dynamics including UEGO sensor dynamics and the total delay can be considered as
where y(t) and u(t) are the measured and input AFR, respectively.
Dynamic parameter-varying SMC
The proposed structure of the closed-loop system is shown in Fig. 2 , which consists of the feedforward air-path and fuelpath dynamics. The air-path dynamics estimates the amount of air mass flow to the combustion chamber through the throttle, while the fuel-path dynamics estimates the amount of fuel mass flow entering into the cylinder. An extensive work on air and fuel characteristics along with a feedforward approach to explore transient air-path and fuel-path dynamics has been reported in [30] . In experimental settings, there is usually a feedforward path to compensate for the fuel-path dynamics by using a proper estimation of the parameters in (1) , that is, X and τ f . To design the control system, we use a similar methodology and discard the fuelling system dynamics in the feedforward loop.
The control design objective is to track the desired AFR in the presence of matched and unmatched disturbances such as canister purge, open-loop perturbations, unmodelled dynamics, and UEGO noise. Furthermore, the control system structure should be appropriate to be easily implemented in practical settings. In the following, we will first approximate the engine delay in order to change the infinite-dimensional delay problem into a finite-dimensional approximation. To overcome the shortcoming of the classical SMC in dealing with an internally unstable dynamic system, a linear dynamic parameter-varying sliding manifold is proposed to provide the control system with stability and robustness against matched and unmatched perturbations and UEGO measurement noise.
Delay and internal dynamics
The pure infinite-dimensional time delay system may be approximated by a Padé approximation which results in a finite-dimensional closed-form representation. In this paper, we have used a first order Padé approximation since a higher-order approximation increases the complexity of the system and hence the computational cost. Using the firstorder Padé approximation, the system (2) can be rewritten as
where τ is the overall time-varying delay consisting of cycle delay and exhaust gas transport delay. Equation (3) represents a non-minimum phase system owing to the presence of a zero in the right-half plane caused by the delay. Although this approximation renders the infinitedimensional dynamics into a finite-dimensional one, it still carries the bandwidth limitation inherited by the nonminimum phase configuration. The state-space representation of (3) can be expressed aṡ 
are the parameter-dependent coefficients. The relative degree of the system (4) is r = 1, which implies that the stability of the system depends on the stability of the internal dynamics or alternatively zero dynamics. The internal dynamics along with the input/output dynamics of the system may be obtained by the normal form trans-
T [31] . The corresponding input/output and internal dynamics can be obtained by using Lie notation asη
where
and N is found such that L g N (x(t)) = 0. Hence, internal dynamics and input/output pairs are obtained aṡ
, and β(τ ) = −τ −1 s are corresponding coefficients according to the above transformation. We have also included φ η (t) and φ ξ (t) as bounded non-linear unmatched and matched uncertainties, respectively, to implement a generic control approach that is able to accommodate both unmatched and matched disturbances. The unstable eigenvalue for the zero dynamics based on ξ = 0, which represents instability of the internal dynamics of (6a) for all positive time delays, is equal to 2τ −1 .
Assumption: It is assumed that φ η (t) is a bounded smooth external unmatched disturbance whose nth order time derivative (n is a positive integer) is zero, that is, (d n /dt n )φ η (t) ≡ 0. The same assumption is made for the reference output y
We will also assume that the pair (a 11 (τ ), a 12 (τ ) ) is controllable, that is, a 12 (τ ) = 0.
Linear dynamic parameter-varying sliding manifold
Similar to other control schemes, such as feedback linearisation and inverse dynamics, SMC in its conventional form cannot be utilised for non-minimum phase systems because of the instability in the internal dynamics that diverges the control input to infinity [24] . Consider the conventional sliding surface as
where e(t) = y * (t) − ξ(t), y * (t) is the reference AFR, r is the relative degree and λ is the surface bandwidth. An SMC scheme based on the sliding surface (7) and Lyapunov stability candidate 1 2 σ T σ may be obtained as
where κ > |φ ξ (t)|. It can be observed that according to unstable internal dynamics (6a) and its contribution to (8) , the SMC will approach infinity, that is, lim t→∞ ||u|| = ∞. In order to circumvent this problem, a linear dynamic parameter-varying sliding manifold (LDPVSM) based on the time-varying delay is proposed to compensate for the unstable internal dynamics of the non-minimum phase system in terms of the unstable internal dynamic state and tracking error. It should also provide the closed-loop system with robustness against unmatched perturbation φ η (t) while maintaining zero steady-state tracking error. We define the LDPVSM as
where s = d/dt, q(τ ) and p i (τ ) are parameter-dependent coefficients that should be determined. The system motion on the sliding surface for internal dynamics (6a) yields Theorem: The LDPVSM (13) maintains the sliding mode by the following controller
where ϒ is a positive constant determined based on the reaching time and upper bound on the matched disturbance φ ξ (t) and u eq (t) is the equivalent control as follows [9] (see (15) )
Proof: Consider the second method of Lyapunov with a candidate function V (ζ ) = 1 2
ζ(t)
T ζ(t) > 0 whose timederivative can be obtained aṡ
Substitution ofė(t) =ẏ * (t) −ξ(t) into (16) and using the system dynamics (6) yields the following expression that ensures stability and attractiveness of the dynamic parameter-varying sliding manifold (13)
The discontinuous control input (14) is, however, obtained in a simplified form by using the equivalent control representation as [10] 
Implementation of the control input (18) requires infinite frequency switching that may excite high frequency unmodelled dynamics. In order to avoid this chattering effect, the following saturation function is used rather than a signum function
where is a positive constant, called boundary layer thickness. Then, the control input can be expressed as (see (20) ) It should be noted that the proposed parameter-varying controller in (20) does not involve additional computational effort compared to a fixed-gain controller as only a few multiplications and additions are performed to obtain the varying parameters of the LDPVSM.
Results and discussion
In this paper, we apply the proposed SMC to track the reference AFR for lean-burn engines. As previously mentioned, the main challenge in designing a control system for leanburn engines is the large and time-varying delay for the exhaust gas to be transported to the UEGO sensor downstream the LNT module. In addition, the engine-operating conditions contribute to the variable time delay. Below, the results of the proposed LDPVSM implementation on a leanburn engine are presented. The internal dynamics (6a) can be rearranged aṡ
where y * (t) is the reference AFR. Equation (21) can be also expressed in the following forṁ
whereφ η (t) = −τ s y * (t) + φ η (t). According to the Assumption in Section 3 and assuming that theφ η (t) = 0, that is, n = 1, the following LDPVSM is proposed to compensate for the unstable internal dynamics
Substituting (23) into (22) yields the output tracking error as
By choosing the desired characteristic equationë + 1.4ė + e = 0 based on the integral of time multiplied by the absolute tracking error criterion and comparing it with (24), one can obtain the parameter-varying coefficients in (23) as
11 (τ ). Hence, the corresponding LDPVSM can be expressed as
The Nichols chart in Fig. 3 illustrates how the LDPVSM performs when the time delay changes. It can be seen that as the delay increases the gain margin and phase margin decrease. The gain margin for the shortest delay (20 dB) is considerably higher than the gain margin for the largest delay (6 dB). This ensures a proper noise attenuation for system motion on the sliding surface particularly at high frequencies. It can be observed that the sliding manifold can maintain larger phase margin for lower delay values and, hence, leading to a superior transient response over the larger delays. This implies that designing a parameter-varying controller can largely help to take advantage of the short delay characteristics for time-varying delays in the AFR control compared with a fixed-gain control strategy. Substitution of (25) into (20) yields the dynamic parameter-varying SMC as (26) In this paper, we use experimental data collected from a Ford F-150 truck with a V8 4.6 L lean-burn engine with time-varying delay [7] . The results are performed in MATLAB/Simulink using Runge-Kutta ODE4 numerical integration. Figs. 4a and b show the engine speed and air mass flow as a typical federal test procedure (FTP) transient cycle. The engine speed is used to obtain the cycle delay according to τ c = 120/N and the air mass flow is used to obtain the gas transport delay by τ g = α/ṁ a with α = 1.81. The overall time-varying delay can be, hence, represented as in Fig. 4c for 0.3 s ≤ τ ≤ 2.7 s. A saturation function with upper limit of 2.7 s has been used to filter out large time delays that may happen at the beginning of the engine operation. Moreover, it is assumed that the engine is commanded to operate at normalised lean AFR, typically 1.1 or 1.4.
In the dynamic parameter-varying SMC (26) we choose = 1.45 according to the maximum reference output (AFR) magnitude to be tracked, that is, y * (t) = 1.4. We also consider ρ = 0.05 to robustify the control system against unknown bounded perturbations, |φ ξ (t)| < 0.05. Fig. 5 shows the closed-loop system performance using the designed LDPVSM for the approximated non-minimum phase system. Fig. 5a demonstrates the control input based on the signum function with high-frequency switching that causes chattering in the tracking output. It can be observed is shown in Fig. 5b . It can be seen that the control input has been smoothen out and the chattering has been eliminated as well. Fig. 6 demonstrates the time-varying parameters in the linear dynamic parameter-varying sliding manifold (23) . The dynamic parameter-varying SMC on the lean-burn engine with actual time-varying delay has been shown in Fig. 7 using the signum function with chattering effect. As illustrated in Fig. 8 , the use of saturation function smoothens out the control input and, hence, suppresses the chattering. Fig. 8a shows the closed-loop response of the actual delay system (1) against the approximated system (4). Magnified graphs represent the transient responses for the systems with approximated and actual delays. Discarding the undershoot, the approximated non-minimum phase system leads to a faster response ( t = 0.5 s) compared with the system with actual delay for 0 < t < 10 s. Such slightly faster response is because of the larger bandwidth of the associated firstorder Padé approximation of the delay [32] . It is noted that for a lean-burn engine with operating envelope bounded on www.ietdl.org upper vicinity of the unit normalised AFR, the corresponding lag will be less than 0.1 s as depicted in the magnified graph for 100 s < t < 110 s. Fig. 8b and its magnified graph shows the chatter-free LDPVSM controller.
The closed-loop system performance against an external disturbance including fuel injector uncertainty and canister purge has been shown in Fig. 9b with the disturbance profile as in Fig. 9a and also various time-varying delay estimation errors in three cases: (1) nominal delay, (2) 20% time delay overestimation, and (3) 20% time delay underestimation. The dashed line corresponds to the nominal time delay. The solid line is for the overestimated time delay; the dotted line corresponds to the underestimated time delay and the dash-dotted line is the reference AFR. It is shown that the closed-loop system is robust against open-loop canister purge disturbance and delay variations. However, for large delays the controller exhibits overshoot while attenuating the disturbance. This is because of the phase margin decrease caused by the large delay that reduces the system damping and thus allowing for transient overshoot.
We also design a PI controller as a baseline controller to evaluate the closed-loop response of the proposed scheme. The derivative term cannot be used in the AFR controller design as it amplifies the noise of the UEGO sensor [33] . The baseline controller is then adopted as C(s) = K p (1 + (1)/(Ts) ), combined with a Smith predictor, Z(s) = (1)/(τ s s + 1)(1 − e −τ s ), to compensate for the large delays (see Fig. 10a ). The parameter T is chosen equal to the lag of UEGO sensor, τ s . The integrator maintains robustness against step disturbances and leads to a first-order set point response with time constant 1/K p [34, 35] . However, very large values of K p make the closed-loop system unstable owing to the presence of the delay and leads to further amplification of the measurement noise. Fig. 10b illustrates the closed-loop performance of the LDPVSM and the baseline controllers with root-mean square (RMS) of the error signal calculated to be 0.0623 and 0.0915, respectively. Fig. 10c shows the corresponding control inputs.
The closed-loop system performance in the presence of the UEGO sensor measurement noise and fuel purge disturbance is illustrated for the LDPVSM and the baseline controller in Fig. 11 . The measurement noise is assumed to be a whitenoise signal with intensity of 10 −4 , which produces a noise with amplitude of 5% in the sensor output. The magnified graph within Fig. 11 shows that the LDPVSM controller has attenuated the noise effect and confined the output to about ±0.003 of the reference AFR. The LDPVSM controller (RMS = 0.0663) outperforms the baseline controller (RMS = 0.0943) in terms of the RMS value by 30%.
As mentioned in Section 2, the fuel-path dynamics is usually discarded in the control system design procedure [7] . However, the effect of fuel-path dynamics (see (1) ) is examined for τ f = 0.1 s and X = 0.5 (assuming that half of the injected fuel forms a wet film on the walls) [29] . Fig. 12 illustrates the effect of the fuel-path dynamics on the closed-loop response through the tracking output difference with and without fuel-path dynamics. Fig. 12a shows only 2% lower AFR compared with the system without fuel-path dynamics. Fig. 12b shows that the control input with fuel-path dynamics requires 1.5% higher AFR. The presented control approach may also be utilised to obtain a fixed-gain controller by freezing the LDPVSM parameters. For the lean-burn engine the upper magnitude for the delay (τ = 2.7 s) is chosen to obtain the parameters of the dynamic sliding manifold. This ensures a proper closed-loop system performance within the maximum bandwidth posed by the largest delay and, hence, leading to a conservative design. The engine performance with fixed-gain controller in the presence of fuel purge disturbance and the UEGO sensor measurement noise is shown in Fig. 13 . Since the bandwidth of the closed-loop system using the designed controller with fixed gains is limited by the maximum delay bandwidth, the system response is more sluggish compared with the parameter-varying controller.
Conclusion
A dynamic parameter-varying SMC strategy was proposed to control spark ignition engines with time-varying delay. The engine dynamics with time-varying delay was estimated using Padé approximation that resulted in a parameterdependent non-minimum phase system. The system dynamics was further represented in the normal form to examine the unstable internal dynamics of the engine. An LDPVSM with parameters explicitly depending on the delay was then constructed based on the unstable internal state of the nonminimum phase system and the tracking error for the engine normalised AFR. The proposed LDPVSM was shown to be able to regulate the closed-loop response against unmatched uncertainties and enable the control system to track the reference input with an acceptable tracking error. The closed-loop system performance was evaluated using experimental data in the presence of various operating conditions and uncertainties including overestimated and underestimated timevarying delays, fuel purge disturbances, and the UEGO sensor measurement noise. The results showed that the control system is able to attenuate the effect of fuel purge uncertainties in the presence of large variable delays. Moreover, the control system showed robustness against various delay estimation errors. Finally, it was observed that the closed-loop system exhibits excellent performance against the UEGO sensor noise by attenuating noise effect on the AFR reference tracking. Development of the proposed approach for direct injection engines and experimental validation of the method on an engine test-bed will be pursued in a follow-up research.
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